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ON THE BARASHENKOV-SMIRNOV SOLITONS AND THEIR STABILITY
WEN FENG, MILENA STANISLAVOVA, AND ATANASG. STEFANOV
ABSTRACT. The Barashenkov-Smirnov solitons u± for the forced NLS/Lugiato-Lefever model
on the line are considered. While the instability of u+ was established in the original paper,
[1], the analogous question for u− was only considered heuristically and numerically. We rig-
orously analyze the stability of u− in the various regime of the parameters. In particular, we
show that u− is stable for small pump strength h. Moreover, u− remains stable until a pair of
neutral eigenvalues of negative Krein signature hits the edge of the continuous spectrum, after
which an instability is conjectured and numerically observed in previous works.
1. INTRODUCTION
Optical combs generated by micro-resonators is an active area of research, [2, 13, 17, 15],
see also [6] for reports on concrete experimental data. As a physical process having to do
with electromagnetism, the relevant starting point is the Maxwell equation. We refer the in-
terested reader to consult [14] for physical derivation in the important case of a cavity filled
with medium obeying the Kerr’s law. The proposed mechanism of pattern formations and
the related discussions on various parameters are also presented in great detail. There are
numerous papers dealing with the model derivation, as well as reductions to dimensionless
variables, see for example [3],[14], [15].
In this article, our starting point of investigation is the consensus model in one spatial di-
mension, namely the Lugiato-Lefever equation. In normalized variables, it may be written as
follows
(1) iut +uxx −u+2|u|2u =−iγu−h,x ∈R.
Here u is the field envelop, t is the normalized time, x is the retarded and normalized az-
imuthal coordinate, γ is the normalized damping/detuning rate, and h is the normalized
pump strength.
1.1. Steady states. The time-independent solutions of (1), that is the steady states of (1),
which clearly satisfy the elliptic PDE
(2) −u′′+u−2|u|2u = iγu+h.
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Further reducing the problem, we sometimes consider the damping free case, that is γ= 0. In
this case, the problem is sometimes referred to as forced NLS equation, which has a different
physical interpretation, [1]. More intro here ????
The main subject of our investigations will be about the time independent solutions, for
the forced NLS problem. In this case, the steady state problem, that is (2), takes the simpler
form
(3) −u′′+u−2|u|2u = h.
Clearly, one cannot expect, for h 6= 0, the solutions to (3) to decay at ±∞, in fact the terminal
value, denoted limx→±∞u±(x) =ψ0 must satisfy the quadratic equation 2ψ30−ψ0+h = 0. As
it happens, these problems have been studied before, see [1]. In fact, there are the following
explicit solutions, which have appeared repeatedly in the literature.
Proposition 1. Let h > 0 and α ∈ (0,∞) is the unique real, so that
(4) h =
p
2cosh2α
(1+2cosh2α)3/2
.
Then, the functions u±, given by
u±(x) = ψ0(1+ϕ±)=ψ0
(
1+ 2sinh
2α
1±coshαcosh(Ax)
)
,(5)
ψ0 =
1√
2(1+2cosh2α)
, A =
p
2sinhα√
1+2cosh2α
(6)
are solutions to (3). Note the important relations h =ψ0−2ψ30 andψ20 < 16 , as a consequence of
(6).
It is a natural question to see whether such solutions are dynamically stable in the context
of the forced NLS, that is (1), with γ = 0. In fact, this question has been considered in [1],
where the authors have offered an analytical solution for the case u+, while the case of u− was
treated only numerically.
1.2. Linearizations and stability. We first perform the linearization of the system (1) about
the solutions u±.
Consider perturbations in the formu= u±+z1(x)+i z2(x). Plug this in (1), and after ignoring
termsO(z2), we obtain the following linear problem
(7) ∂t
(
z1
z2
)
=
(
0 1
−1 0
)(
L+ 0
0 L−
)(
z1
z2
)
where {
L+ =−∂xx −6u2±+1
L− =−∂xx −2u2±+1
Introduce the eigenvalue ansatz
(
z1
z2
)
→ eλt
(
z1
z2
)
, the self-adjoint operatorL and the skew
symmetricJ
(8) L :=
(
L+ 0
0 L−
)
,J :=
(
0 1
−1 0
)
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so that we can rewrite (7) in the compact form
(9) JL~z =λ~z,
which is the well-known Hamiltonian formulation of the eigenvalue problem.
Definition 1. We say that the wave u± is spectrally stable if the linearized operator JL does
not have spectrum in the right-hand complex plane. In other words σ(JL ) ⊂ {λ : ℜλ ≤ 0}.
Otherwise, the wave is referred to as unstable.
Next, we present our main result.
1.3. Main results.
Theorem 1. The solitons u+ is unstable, with exactly one positive eigenvalue in σ(JL ).
The steady state u− on the other hand is stable for small values h > 0, up to some critical
value h∗.
More precisely, there exists a value α∗ ∈ [0,∞), so that for all α>α∗, h = h(α) from (4) satis-
fies σ(JL )⊂ {λ :ℜλ≤ 0}, with σ(JL )=σess(JL )∪σpt .(JL ), the pair of simple, neutrally
stable eigenvalues±iµ(α) has negative Krein signature and
σess.(JL ) = {iλ : |λ| ≥
√
(1−6ψ20(α))(1−2ψ20(α))}.
σpt .(JL ) = {0}∪ {±iµ(α)}.
where the eigenvalue at zero is due to translational symmetry1 and either α∗ = 0 or α∗ > 0 and
the following holds
lim
α→∞µ0(α)= 0, limα→α∗µ(α)=
√
(1−6ψ20(α∗))(1−2ψ20(α∗)).
In other words, we have a pair of neutral eigenvalues ±iµ(α), which travels from 0 (at h = 0,
which corresponds toα=∞), to the edge of the essential spectrum±i
√
(1−6ψ20(α))(1−2ψ20(α)),
which occurs as α→α∗+, (corresponding to h→ h∗ = h(α∗)).
Remarks:
• The results in [1] already contain rigorous analysis for the instability of u+.
• Regarding the stability of u+, some heuristic arguments were presented in [1], which
were complemented by numerical simulations.
• We do not present a rigorously established mechanism for the instability formation.
However, fromour arguments, it is confirmed that thewaves remain stable, till the pair
of neutral eigenvalues ±iµ(α) hits the edge of the essential spectrum. This is in line
with the expectations and the heuristics of similar problems, as well as the numerical
simulations in [1].
2. PRELIMINARIES
We now discuss the basics of the instability index theory.
1and as such has algebraic multiplicity two and geometric multiplicity one, see Section 3 below for explicit
descriptions of these
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2.1. Instability index theory. We use the instability index count theory, as developed in [10,
11]. We present a corollary, which is enough for our purposes. For eigenvalue problem in
the form (9), we assume that L has a finite number of negative eigenvalues, n(L ) and J−1 :
Ker [L ]→Ker [L ]⊥.
Let kr be the number of positive eigenvalues of (9), kc be the number of quadruplets of
eigenvalues with non-zero real and imaginary parts, and k−
i
, the number of pairs of purely
imaginary eigenvalues with negative Krein-signature. For a simple pair of imaginary eigen-
values ±iµ, and the corresponding eigenvector ~z =
(
z1
z2
)
: JL~z = iµ~z, the Krein index is
sgn(〈L~z,~z〉) see [10], p. 267. That is, we say that the signature is negative, if 〈L~z,~z〉 < 0.
ThematrixD is as follows - for Ker [L ]= span{φ1, . . . ,φn}
(10) Di j := 〈L −1[J−1φi ],J−1φ j 〉.
Note that the last formula makes sense, since J−1φi ∈ Ker [L ]⊥. Thus L −1[J−1φi ] is well-
defined. The index counting theorem, see Theorem 1, [11] states that if det (D) 6= 0, then
(11) kr +2kc +2k−i = n(L )−n(D).
Next, we discuss some specific spectral results about the linearized operators involved in the
eigenvalue problem (9).
2.2. Some preliminary spectral results.
Lemma 1. The essential spectrum of JL can be described
σess.(JL )= {iλ : |λ| ≥
√
(1−6ψ20(α))(1−2ψ20(α))}.
Proof. Since limx→±∞u±→ψ0, we can write the operators (with u = u+ or u = u−)
L+ = −∂xx +1−6u2 =−∂xx +1−6ψ20−6V
L− = −∂xx +1−2u2 =−∂xx +1−2ψ20−2V
where V = u2−ψ20 have exponential decay at ±∞. By Weyl’s theorem,
σess.(JL )=σ(J
( −∂xx +1−6ψ20 0
0 −∂xx +1−2ψ20
)
).
In anticipation that the spectrum is inside of iR, we set up the spectral problem as the non-
invertibility of thematrix operatorJ
( −∂xx +1−6ψ20 0
0 −∂xx +1−2ψ20
)
− iλ, which is equiv-
alent to the non-invertibility of
( −∂xx +1−6ψ20 0
0 −∂xx +1−2ψ20
)
+ iλJ . By Fourier trans-
form arguments, we need
det
(
k2+1−6ψ20 iλ
−iλ k2+1−2ψ20
)
= 0,
for some k ∈ R. Note that due to the restriction ψ20 < 16(see (6)), the diagonal entries of the
matrix are positive for each k ∈R.
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Thus, iλ ∈σ(J
( −∂xx +1−6ψ20 0
0 −∂xx +1−2ψ20
)
) if and only if for some k ∈R,
λ2 = (k2+1−6ψ20)(k2+1−2ψ20),
In other words, the essential spectrum fills up the imaginary axes, with the exception of the
segment from (−i
√
(1−6ψ20)(1−2ψ20), i
√
(1−6ψ20)(1−2ψ20)).
σess.(JL )= {±iλ :λ≥
√
(1−6ψ20)(1−2ψ20)}.

The next issue that we need to address is about the solvability of an linear problem of the
type
(12) (JL − iµ)z = f ,
where the spectral parameter iµ is outside of the essential spectrum range, i.e. assuming that
µ ∈ (−
√
(1−6ψ20)(1−2ψ20),
√
(1−6ψ20)(1−2ψ20)).
We have the following Fredholm alternative type statement for the linear problem (12).
Lemma 2. Let µ ∈ (−
√
(1−6ψ20)(1−2ψ20),
√
(1−6ψ20)(1−2ψ20)). Let J ,L are as in (8) and
iµ ∈σp.p.(JL ) is a simple eigenvalue, with an eigenfunction z0 : (JL − iµ)z0 = 0.
Given f ∈ L2(R), the linear problem (12) has a solution, if and only if 〈 f ,J z0〉 = 0.
Proof. The necessity of this condition is easy, since if we have solution of (12), it suffices to
take dot product of it with J z0. We obtain
〈 f ,J z0〉 = 〈(JL − iµ)z,J z0〉 = 〈z,L z0+ iµJ z0〉 = 0.
The sufficiency part relies on the Fredholm properties of the operators. More specifically,
write
L0 =
( −∂xx +1−6ψ20 0
0 −∂xx +1−2ψ20
)
, V =
(
6V+ 0
0 2V−
)
,
so that (12) can be recast in the equivalent form
(13) (L0+ iµJ −V )z =−J f ,
Due to the fact that |µ| <
√
(1−6ψ20)(1−2ψ20), we have that L0+ iµJ is invertible, so we can
further rewrite (13) equivalently as
(14) (Id − (L0+ iµJ )−1V )z =−(L0+ iµJ )−1J f =: f˜
Now, due to the fact that V is smooth and exponentially decaying (matrix) potential, while
(L0+ iµJ )−1 : L2(R)→ H2(R), with exponentially decaying kernel, we have that K := (L0+
iµJ )−1V : L2→ L2 is a compact operator. As such, the operator equation (14) is in the Fred-
holm alternative form (id −K )z = f˜ . Therefore, it has solution, if f˜ ⊥Ker (I −K ∗).
We claim that under our assumptions, Ker (I −K ∗) = span[(L0 + iµJ )z0]. Indeed, let
z∗ ∈ Ker (I −K ∗). We have that z∗ = V (L0 + iµJ )−1z∗ Letting η∗ := (L0 + iµJ )−1z∗, we
conclude that (L0+ iµJ )η∗ = V η∗, whence
(JL − iµ)η∗ = (J (L0−V )− iµ)η∗ = 0.
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Since we have assumed that iµ is a simple eigenvalue, it follows that η∗ = cz0, whence Ker (I−
K ∗)= span[(L0+ iµJ )z0]. Thus, the solvability condition can be written as
0= 〈 f˜ , (L0+ iµJ )z0〉 = 〈(L0+ iµJ ) f˜ ,z0〉 =−〈J f ,z0〉 = 〈 f ,J z0〉.

Next, we provide some properties of the linearized operators L±, which will be useful in
the sequel.
2.3. Properties of the linearized operatorsL±. Note thatL± are standard self - adjoint
Schrödinger operatorswith even potentials vanishing at∞. In fact, sinceu±→ψ0 as x→±∞,
we have thatL+ =−∂xx +1−6ψ20−6V+, L− =−∂xx +1−2ψ20−2V−, whence
σa.c.(L+)= [1−6ψ20,+∞),σa.c.(L−)= [1−2ψ20,+∞)
Note that due toψ20 < 16 in Proposition 1, it follows that σa.c.(L±)⊂ [1−6ψ20,∞)⊂ (0,∞).
We have the following Proposition, which collects some pertinent spectral properties of
L±. Note thatwe shall use theMorse index notation, namely for a self-adjoint, bounded from
below operator S, with finitely many negative eigenvalues, denote
n(S)= {λ< 0 :λ ∈σp.p.(S)},
where the eigenvalues are counted with their respected multiplicities.
Proposition2. The operatorsL± are self-adjoint, with domain H2(R). In addition,σa.c.(L±)⊂
(0,∞). In addition L+[u′±]= 0, so 0 ∈σp(L+).
• For the case u+, L+ has exactly one negative eigenvalue, while L− > 0.
• For the case u−, L+ has exactly one negative eigenvalue, while L− also has exactly one
negative eigenvalue, and 0 ∉σp.p.(L−).
Proof. Differentiating the profile equation (3), implies that L+[u′+] = 0. In addition, ϕ′+ has
exactly one zero, at x = 0. By Sturm-Liouville’s criteria, zero is a simple eigenvalue, which is
the second smallest eigenvalue. So, there is exactly one negative eigenvalue for L+.
Consider the specific case u = u+.
For the operator L−, clearly L− > L+, so L− has at most one negative eigenvalue. Note
that the profile equation (3) is equivalent to L−[u+] = h > 0. Assume for a contradiction
that for some η : L−η = −σ2η, σ > 0. Since η will be ground state for L−, it follows that
η> 0 and ηwill have exponential decay, in fact η(x)≤Ce−|x|
√
1−2ψ20 . Informally, we obtain the
contradiction as follows
0< 〈h,η〉 = 〈L−u+,η〉 = 〈u+,L−η〉 =−σ2 〈u+,η〉 < 0,
since u+ > 0.
Formally, fix a cut-off function, say ζ ∈C∞0 (R),ζ > 0 : suppζ⊂ (−2,2),ζ(x) = 1, |x| < 1 and a
large real N . Computing
0< h〈1,η〉 = lim
N→∞
〈ζ(·/N )L−u+,η〉 = lim
N→∞
〈u+,L−[ζ(·/N )η]〉.
Now, since
L−[ζ(·/N )η]= ζ(·/N )L−[η]−
2
N
ζ′(·/N )η′− 1
N2
ζ′′(·/N )η=−σ2ζ(·/N )η+OL2 (N−1).
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we compute
lim
N→∞
〈u+,L−[ζ(·/N )η]〉 =−σ2 lim
N→∞
〈ζ(·/N )u+,η〉 =−σ2 〈u+,η〉 < 0,
which is a contradiction. The case,σ= 0 is also contradictory, by the same argument, now that
we know that there are no negative eigenvalues and zeromust be the bottomof the spectrum,
again an impossibility.
For the case u = u−, we have again n(L−)≤ 1, since n(L+)= 1 and L+ <L−. On the other
hand, by direct inspection,
L−ϕ− = 2ψ20ϕ−(2+ϕ−)
whence we can convince ourselves that
(15) 〈L−ϕ−,ϕ−〉 = 2ψ20
∫∞
−∞
ϕ2−(2+ϕ−) dx < 0,
Indeed, by computations aided by Mathematica, we were able to explicitly calculate∫∞
−∞
ϕ2−(2+ϕ−) dx =−
p
2sinh3(α)cosh(α)
√
cosh(2α)+2
×
(
2coth(α)csch(α)
cosh2(α)
+2picoth(α)csch2(α)+ 2coth(α)csch(α)
cosh2(α)
+2picoth(α)csch2(α)
)
=−
p
2sinh3(α)cosh(α)
√
cosh(2α)+2
(
4coth(α)csch(α)
cosh2(α)
+4picoth(α)csch2(α)
)
< 0.
Thus, L− has a negative eigenvalue and so n(L−) = 1. Finally, we claim that L− does not
have eigenvalue at zero. Assume that it does, so L−[ψ0]= 0. This will be the second smallest
eigenvalue forL−, whence it will have exactly one zero, so it will be an odd function, vanishing
at zero. So, in particular,ψ0 : ‖ψ0‖ = 1 will be perpendicular to the ground state for L+. But
now recall L+ <L−, so we have 〈L+ψ0,ψ0〉 < 〈L−ψ0,ψ0〉 = 0. Thus, by Rayleigh formulas
λ0(L+)<λ1(L+)≤ 〈L+ψ0,ψ0〉 < 0,
so n(L+) ≥ 2, in contradiction with what we know, namely n(L+) = 1. Thus, L− does not
have negative eigenvalues, so it is in particular invertible operator. 
We finally describe the spectral properties of the linearized operators at h = 0. This is well-
known result.
Proposition 3. For h = 0, the cubic NLS has the following behavior of the linearized operators:
• The operator L+ has a single and simple negative eigenvalue, a simple eigenvalue at
zero, with eigenfunction u′0. L+ is strictly positive on the co-dimension two subspace
orthogonal to these two directions.
• The operator L− has a simple eigenvalue at zero, spanned by u0. It is positive on the
co-dimension one subspace orthogonal to it.
• The operator JL has
σess.(JL )= {±iλ : |λ| ≥ 1},σp.p. = {0},
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where zero is an eigenvalue of algebraic multiplicity four and geometric multiplicity
two, generated by the translational and the modulational invariance. More precisely,
K er [JL ] = Ker [L ]= span[
(
u′
0
)
,
(
0
u
)
];
gKer [JL ] = span[
(
0
L −1− [u
′]
)
,
(
L −1+ [u]
0
)
].
In the arguments in the sequel,we useh as a bifurcation parameter. According to the theory
for smooth dependence on the parameters, these eigenvalues at zeromaymove (provided the
respective symmetry is broken), but depending in a C 1 way on the parameter h (and hence
on α).
3. PROOF OF THEOREM 1
We start our considerationswith the proof for the instability ofu+. This has been previously
established in [1], we provide the short argument here for completeness.
3.1. The instability of u+. The instability of u+ is now an easy consequence of the results of
Proposition 2 and the index count formula (11). Indeed, on the right hand side of (11), we
have n(L ) = n(L+)+n(L−) = 1+ 0 = 1. Thus, the stability is determined by n(D). Since
in this case Ker [L−] = {0}, we have that D is a matrix of one element, namely 〈L −1− u′+,u′+〉.
However, since L− > 0, we see that 〈L −1− u′+,u′+〉 > 0, whence n(D) = 0, whence a single real
instability is detected by (11).
3.2. The case of u−: tracking the modulational eigenvalues as 0 < h << 1. For h = 0, we
trivially settle on the standard Schrödinger model, where all spectral information, including
the spectrum of σ(JL ), is well-known, see Proposition 3. More specifically, the operator
JL at h = 0 has the structure of the spectrum as described in Proposition 3, namely two
eigenvectors and two generalized eigenvectors co-exist there.
After turning on the h, the “translational eigenvalue” pair
(
u′
0
)
and its corresponding gen-
eralized eigenvector
(
0
L −1− [u
′]
)
persists, due to the fact that translational invariance is still
intact, even after adding theh in themodel. Modulational invariance is however broken, once
h 6= 0, so the other pair startsmoving away from zero.
Looking at the right-hand side of (11), we see that n(L )= n(L+)+n(L−)= 1+1= 2. Thus,
according to the indices on the left-hand side, we are presented with the following alterna-
tives.
We either have two different positive unstable eigenvalues for JL or we have a quartet of
modulational instabilities (so kc = 1) or we have a pair of purely imaginary eigenvalues, with
negative Krein signature (and so k−
i
= 1, kr = kc = 0). From perturbation point of view, for
small h, the case of two different positive unstable eigenvalues cannot happen - this is still
a Hamiltonian problem and this will effectively generate four eigenvalues (the two positive
and the corresponding two with opposite signs), while we have only two eigenvalues mov-
ing (namely the modulational eigenvalues at zero). We will show that for small h, a pair of
purely imaginary eigenvalues, with negative Krein signature appear. According to (11), such
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a configuration is stable. Looking at the alternatives, it suffices to show that a pair of purely
imaginary eigenvalues appears close to zero, and then theymust necessarily be with negative
Krein signatures.
Before we continue with the construction of the modulational eigenvalues as h 6= 0, let us
compute n(D). Recall that according to Proposition 2, we have that Ker [L−] = {0}, while
Ker [L+] = span[u′−]. We claim that there is no another generalized eigenvector behind(
0
L −1− [u
′]
)
. Indeed, otherwise, we would have the solvability of the relation
JL
(
z1
z2
)
=
(
0
L −1− [u
′
−]
)
,
Solving directly, this means that z2 = 0, while L+[z1]=−L −1− [u′−]. This then would require a
consistency relation 〈L −1− [u′−],u′−〉 = 0, which is false. In fact, we show that 〈L −1− [u′−],u′−〉 > 0,
for all values of h, see below.
All in all, it turns out that D has only one element, namely 〈L −1− [u′−],u′−〉. Now, it is not as
straightforward as in the classical case to conclude that 〈L −1− [u′−],u′−〉 > 0, since L− is not a
non-negative operator anymore, since in fact n(L−)= 1. On the other hand, its ground state,
sayQ :L−[Q]=−σ2Q,‖Q‖ = 1 is even. Hence by parity considerations 〈u′−,Q〉 = 0, so u′−⊥Q.
But then, note thatL −1− |{Q}⊥ > 0 and so
〈L −1− [u′−],u′−〉 = 〈L −1− |{Q}⊥ [u′−],u′−〉 > 0.
Thus n(D) = 0 and in addition recall that this was also useful in establishing that the Jordan
block of
(
u′
0
)
is of length two.
We now turn to the construction of the modulational eigenvalues for h 6= 0. Similar to the
spectral problem in [7], we set up an ansatz as follows.
(16) J
(
L 0++hV+ 0
0 L 0−+hV−
)( p
hψ1
u0+hψ2
)
= iµ0
p
h
( p
hψ1
u0+hψ2
)
+O
(
h3/2
h2
)
where, we have used the fact that L h± = L 0±+hV±, where L 0± are the standard Schrödinger
operatorsL 0+ =−∂2x +1−6sech2(x),L 0− =−∂2x +1−2sech2(x), u0 = sech(x). Note L 0−[u0]= 0.
Resolving (16) yields, to leading order in h,
L 0−Ψ2+V−u0 = iµ0Ψ1
−L 0+Ψ1 = iµ0u0.
Clearly, from the second equation, we need Ψ1 = −iµ0L −1+ [u0], which we then plug in the
first equation. This is justified, since u0⊥Ker [L+]= span[u′0]. It remains to solve
L 0−Ψ2 =µ20L −1+ [u0]−V−u0
This of course gives a solvability condition,namely 〈u0,µ20L −1+ [u0]−V−u0〉 = 0. This is actually
an equation for µ0. We obtain
(17) µ20 =
〈V−u0,u0〉
〈L −1+ u0,u0〉
.
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It is well-known (and also directly computable) that 〈L −1+ u0,u0〉 < 0, as this is equivalent to
the stability of the soliton u0, as a solution to the Schrödinger equation. In fact, this is the
Vakhitov-Kolokolov condition for stability of solitary waves, which is well-known to hold for
the wave u0 = sech(x).
We claim that it must be that 〈V−u0,u0〉 < 0, so that (17) has a pair of real solutions
(18) µ0 =±
√
〈V−u0,u0〉
〈L −1+ u0,u0〉
,
representing a pair of complex imaginary eigenvalues ±i
√
〈V−u0 ,u0〉
〈L −1+ u0,u0〉
. Indeed, otherwise, if
〈V−u0,u0〉 > 0, then we have constructed (in the form dictated by (16)) a pair of real eigen-
values for JL , namely ±
√
− 〈V−u0 ,u0〉〈L −1+ u0,u0〉 , one stable, the other one unstable. But then, n(L )−
n(D)= 2, as established earlier, while on the left hand side of (11) kr = 1. This is impossible, a
contradiction. Thus, 〈V−u0,u0〉 < 0 and we have a pair of purely imaginary eigenvalues, with
negative Krein signatures. This shows the following proposition.
Proposition 4. There exits α0 > 0, so that for all α ∈ (α0,∞), the corresponding solutions u−,α
described in (5) are spectrally stable. Moreover, the point spectrum of the linearized problem (9)
is given by
σp.p.(JL (α))= {0}∪ {±iµ(α)},
where
• zero is eigenvalue of multiplicity two
• ±iµ(α) is a pair of simple eigenvalues of negative Krein signatures, with even eigenfunc-
tions.
In addition, µ : (α0,∞)→ R+ is decreasing and smooth function, with limα→∞µ(α) = 0 and
µ(α0)> 0.
Proof. The only unproven claim in Proposition 4 is that µ is a decreasing function. Using the
fact that α → h, see (4) is a decreasing function as well, it suffices to see that h → µ(h) is
increasing.
Even though the dependence on variable h is not smooth at h = 0, we can express the for-
mula (18) equivalently as
lim
h→0+
p
h
dµ(h)
h
= 1
2
√
〈V−u0,u0〉
〈L −1+ u0,u0〉
> 0.
This shows that in a small neighborhood of h = 0, h→µ(h) is increasing. 
3.3. The solitonu−: Tracking theneutral eigenvalues till the edge of the essential spectrum.
In Section 3.2, we have demonstrated that for small values 0 < h << 1, the modulational
eigenvalue (of multiplicity two) at h = 0 splits into a pair of purely imaginary eigenvalues
±iµ(h),µ(h)> 0 of negative Krein signature. We nowwish to further track this pair as h grows.
Recall that by the smooth dependence on the parameters, the wave u− is stable as long as
these pair does not turn into a complex instability. We have described themechanism of how
this happens in the statement of our main result, Theorem 1. We now provide the details of
the proof.
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Namely, we will show the following
• as long as µ(α) <
√
(1−6ψ20(α))(1−2ψ20(α)), there is a neighborhood (α−δ,α+δ), so
that whenever α˜ ∈ (α−δ,α+δ), the waves u−,α˜ are stable, with a pair of negative Krein
signature eigenvalues ±iµ(α˜).
• There exists α∗ ≥ 0, so that limα→α∗+µ(α) =
√
(1−6ψ20(α∗))(1−2ψ20(α∗)). Moreover,
there exists σ0 > 0, so that minα∗<α<∞µ(α) ≥ σ0 > 0. That is, the pair ±iµ(α) poten-
tially exists the imaginary axis by hitting the edge of the essential spectrum and stays
a fixed distance away from zero.
Note that here and below, we use the parameters h andα interchangeably, due to the one-to-
one correspondence described explicitly in (4).
Proposition 5. Let 0 < µ(α) <
√
(1−6ψ20(α))(1−2ψ20(α)). Then, there exists δ = δ(α) > 0, so
thatwhenever α˜∈ (α−δ,α+δ), thewaves u−,α˜ are stable, with a pair of negative Krein signature
eigenvalues±iµ(α˜), with even eigenfunctions.
Remark: Interestingly, the proof breaks down, if either µ(α)= 0 or
µ(α)=
√
(1−6ψ20(α))(1−2ψ20(α)). This is not surprising, given that both points 0 and√
(1−6ψ20(α))(1−2ψ20(α)) represent singularities in the spectral problem (9).
Proof. Fixα is so that 0<µ(α)<
√
(1−6ψ20(α))(1−2ψ20(α)). This is exactly the setup of Lemma
2, where iµ ∉σess(JL ), but also it is a simple eigenvalue, with say eigenfunction z(α). That
is
(19) JL z(α)= iµ(α)z(α),
We now construct, under the assumptions imposed on α the eigenvalue in a neighborhood,
(α−|δ|,α+|δ|) for some small δ : |δ| << 1. First, we introduce the approximate operators
L+(α+δ) = −∂xx +1−6u2−,α+δ =−∂xx +1−6u2−,α−δV++O(δ2),
= L 0+−δV++O(δ2), V+ = 12u−,α
∂u−,α
∂α
L−(α+δ) = −∂xx +1−2u2−,α+δ =−∂xx +1−2u2−,α−δV−+O(δ2),
= L 0−−δV−+O(δ2), V− = 4u−,α
∂u−,α
∂α
and eigenvectors and eigenvalues
z(α+δ) = z(α)+δq +O(δ2)=: z0+δq +O(δ2)
µ(α+δ) = µ(α)+δr +O(δ2)=:µ0+δr +O(δ2).
Using standard inverse function theorems, it is enough to show that r,q can be selected so
that the following system is solvable up to first order in δ:
(20) J
(
L 0+−δV+ 0
0 L 0−−δV−
)
(z0+δq)− i (µ0+δr )(z0+δq)=O(δ2).
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The order zero equations are nothing but (19). The order δ equations yield the following sys-
tem
(21) (JL 0− iµ0)q =J
(
V+ 0
0 V−
)
z0+ i r z0.
Applying Lemma 2, matters reduce to verifying the solvability condition
(22) 〈J
(
V+ 0
0 V−
)
z0+ i r z0,J z0〉 = 0.
This works out to an equation for r , which is
(23) i r 〈z0,J z0〉 =−〈
(
V+ 0
0 V−
)
z0,z0〉.
This has a solution, provided 〈z0,J z0〉 6= 0. Once this is established, we will be done with the
proof of Proposition 5.
To this end, from (19), we have thatL0z0 =−iµJ z0, whence
i〈z0,J z0〉 =
〈L z0,z0〉
µ
< 0,
since iµ has negative Krein signature. 
Our next goal is to establish that for some α∗ ≥ 0, µ(α) ∈ (0,
√
(1−6ψ20(α))(1−2ψ20(α))), for
all α ∈ (α∗,∞). Eventually, either α∗ = 0 or α∗ > 0 and
lim
α→α∗+
µ(α)=
√
(1−6ψ20(α∗))(1−2ψ20(α∗))).
Proposition 6. There exists α∗ ≥ 0, so that µ(α) ∈ (0,
√
(1−6ψ20(α))(1−2ψ20(α))), for all α ∈
(α∗,∞). Also, there exists σ0 > 0, so thatminα∗<α<∞µ(α)≥σ0 > 0 and
lim
α→α∗+
µ(α)=
√
(1−6ψ20(α∗))(1−2ψ20(α∗))).
In other words, ±iµ(α) (eventually) exists the imaginary axes through the edge of the essential
spectrum ±i
√
(1−6ψ20(α∗))(1−2ψ20(α∗))).
Proof. According to the results in Proposition 4, we do not have to worry about the behavior
of µ(α) for very large α, so it suffices to consider an interval (0,α0), with α0 as in Proposition
4. Due to the results of Proposition 5, α→µ(α) is a continuous function and we may define
α∗ = inf{α> 0 :µ(α) ∈ (0,
√
(1−6ψ20(α))(1−2ψ20(α)))}.
Now, it is either the case that α∗ = 0 or else α∗ > 0. In the former case, there is nothing to do,
while in the latter case, it remains to rule out the possibility that limα→α∗+µ(α) = 0. Let us
note that when α∗ > 0, there existsσ0 > 0, so that
(24) limsup
α→α+
λ0(L±,α)<−σ0, liminf
α→α+
λ1(L−,α)>σ0, liminf
α→α+
λ2(L+,α)>σ0.
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Indeed, (24) follows once we realize that for each compact interval J = [α1,α2], there is a con-
stantC =C J , so that for each f ∈H2 and ν1,ν2 ∈ J ,
(25) |〈(L±,ν1 −L±,ν2) f , f 〉| ≤C |ν1−ν2|‖ f ‖2L2 ,
as the operators (L±,ν1−L±,ν2 ) f = const (u2±,ν1−u2±,ν2 ) f = const (ν1−ν2)∂νu2±,ν˜ f . Then, once
we have (25), we easily conclude that limα→α∗ λ j (L±,α) = λ j (L±,α∗ ), j = 0,1, . . . and so on.
Then, limsupα→α+λ0(L±,α) = λ0(L±,α∗) < 0, according to Proposition 2. The other implica-
tions in (24) follow in a similarmanner.
Now, let us go back to the task at hand, namely to refute the possibility limα→α∗ µ(α) = 0.
To this end, assume for a contradiction that in fact limα→α∗ µ(α)= 0. Consider the eigenvalue
problem (19). Note that by the construction in Proposition 5, the eigenvalue problem is solved
in the even subspace. In particular, the eigenvalue λ1(L+,α) = 0 is not very relevant in our
discussion as its eigenspace is spanned by an odd function u′+.
Introduce the real and imaginary parts zR :=ℜz(α);z I =ℑz(α). Writing out the relation in
(19) in terms of zR1 ,z
I
1,z
R
2 ,z
I
2 yields
L+,αzR1 (α)=µ(α)z I2(α), L+,αz I1 =−µ(α)zR2 (α)(26)
L−,αzR2 (α)=−µ(α)z I1(α), L−,αz I2(α)=µ(α)zR1 (α).(27)
The eigenvectors z(α) ∈D(L±) = H2, so we normalize them as follows ‖z(α)‖L2 = 1. Denote
the ground states by Ψ±,α : ‖Ψ±,α‖L2 = 1, L±,αΨ±,α = λ0(L±,α)Ψ±,α. In order to simplify the
notations, we drop the dependence on α. By taking L2 norm in (26) and (27), and applying
(24), we arrive at the estimates
|λ0(L+)||〈zR1 ,Ψ+〉| ≤ ‖L+zR1 ‖L2 =µ(α)‖z I2‖L2 .(28)
Similarly, we establish
|λ0(L+)||〈z I1,Ψ+〉| ≤µ(α)‖zR2 ‖L2 , |λ0(L−)||〈zR2 ,Ψ−〉| ≤µ(α)‖z I1‖L2 ,(29)
|λ0(L−)||〈z I2,Ψ−〉| ≤µ(α)‖zR1 ‖L2 .(30)
By taking dot products in (26) and (27) with appropriate vectors, we have (with P+ f := f −
〈 f ,Ψ+〉Ψ+, projecting over the positive subspace of L+),
〈L+zR1 ,zR1 〉 =λ0(L+)〈zR1 ,Ψ+〉2+〈L+P+zR1 ,P+zR1 〉 ≥λ0(L+)〈zR1 ,Ψ+〉2+σ0‖P+zR1 ‖2
≥ σ0‖zR1 ‖2L2 − (|λ0(L+)|+σ0)〈z
R
1 ,Ψ+〉2 ≥σ0‖zR1 ‖2L2 −
2
σ0
µ(α)‖z I2‖2L2 ≥σ0‖z
R
1 ‖2L2 −
2
σ0
µ(α).
where we have used the estimate (28) and the normalization ‖z I2‖L2 ≤ ‖z‖L2 = 1. Similarly, we
establish
〈L+z I1,z I1〉 ≥σ0‖z I1‖2L2−
2
σ0
µ(α),
〈L−zR2 ,zR2 〉 ≥σ0‖zR2 ‖2L2 −
2
σ0
µ(α),
〈L−z I2,z I2〉 ≥σ0‖z I2‖2L2−
2
σ0
µ(α)
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Adding up all these estimates, together with the negative Krein index, implies
0> 〈L z,z〉 = 〈L+zR1 ,zR1 〉+〈L+z I1,z I1〉+〈L−zR2 ,zR2 〉+〈L−z I2,z I2〉 ≥σ0‖z‖2−
8µ(α)
σ0
=σ0−
8µ(α)
σ0
This is clearly in contradiction with limα→α∗ µ(α)= 0. With this, Proposition 6 is established.

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